REGULARITY CONDITION BY MEAN OSCILLATION TO
A WEAK SOLUTION OF THE 2-DIMENSIONAL
HARMONIC HEAT FLOW INTO SPHERE

Masashi Misawa
Department of Mathematics, School of Science,
Kumamoto University
Kumamoto 860-8555, Japan

Takayoshi Ogawa

Mathematical Institute,
Tohoku University
Sendai 980-8578, Japan

ABSTRACT. We show a regularity criterion to the harmonic heat flow from 2-dimensional Rie-
mannian manifold M to a sphere. It is shown that a weak solution of the harmonic heat flow
from 2-dimensional manifold onto a sphere is regular under the criterion

T
/ HVu(T)||2BMonT < 00,
0

where BM O, is the class of functions of bounded mean oscillations on M. A sharp version of
the Sobolev inequality of the Brezis-Gallouet type is introduced on M. A monotonicity formula
by the mean oscillation is established and applied for proving such regularity criterion for weak
solutions as above.

1. INTRODUCTION

In this paper, we consider the regularity problem of weak solutions to the time dependent
harmonic heat flow from a two dimensional Riemannian manifold to a sphere: Let ()M, g) denotes
a Riemannian manifold. The harmonic heat flow from M to S™ is originally considered as the
L?—gradient flow of the Dirichlet energy:

(1.1) 3 | V@) Vi (@)orio) Vo

where Viu;Viujgr) = Vg, u;Vay,ujgr; denotes the quadratic form associated with the base
manifold (M, g) and g(z) = |det[gy,(z)]|. The critical points of this functional are subject to
the harmonic map from (M, g) to S™,
—Apyu =u(Vu,Vu)y, x€ M,
{ u:M — S™,
where Ay = %Vk(\/ﬁgk,lvl) denotes the Laplace-Beltrami operator on M with u(Vu, Vu), =

u; Z (gimViuj, Viuj) denotes the second fundamental form of the sphere in Rm+1
1<li,;m<n,1<j<m

Key words: the harmonic heat flow, regularity condition, the bounded mean oscillation.
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The resulting evolution equation from the L?—gradient flow of the above energy functional is

the harmonic heat flow as follows:
Oru — Apru = u(Vu, Vu)g, t>0,ze M,
(1.2) u(t,z) : Ry x M — S™, t>0,ze M,
u(0,z) = up(z), x e M.

Eells-Sampson [15] firstly considered this equation for the sake of constructing a homotopy
from arbitrary initial data to the stationary harmonic map. By a formal observation, the fol-

lowing type of the energy inequality is immediately obtained:

t
(1.3) IV 1220 + 2/0 18cu(T) 17200 d7 < IVuollZ2(ar) = Eo, ¢ €[0,T].

Based on the above energy inequality, a weak solution is constructed in the space

u € L0, T; HY(M;S™)) with dyu € L?(0,T;L*(M;S™)). When the dimension of the base
manifold M is 2, then Struwe [37] constructed the weak solution which is piecewise smooth in
time variable. On the other hand, the existence of a partially regular global weak solution was
established by Chen-Struwe [13] by the penalty method. If the initial data is smooth, a smooth
local solution exists by using the Bochner type formula (see for example Eells-Sampson [15]
and Struwe [37]). This time-local smooth solution is belonging to v € W (M;S™) and the
maximal existence time is characterized by ||Vug||cc-

The regularity of the weak solution fails in general because of the existence of a blowing
up solution for a large initial data. The example for the map from B;(0) C R™ to a sphere
was shown by Coron-Ghidaglia [14] for n > 3 and Chang-Ding-Ye [11] for n = 2. However,
some smallness assumption on the initial data or integrablity condition on the solution itself are
capable to give the regularity.

One of the regularity class for the weak solution to (1.2) is the class introduced by Struwe
37): V={u: M — §*: Vu € L>®(0,T; L*(M)), Oyu, Apyu € L0, T; L*(M))}. Our aim here
is to extend this class larger when dimM = 2 in terms of the mean oscillation of the solution.
In fact in [27], it is proved that a time-local smooth solution u : [0,7p) x R™ — S™ of (1.2) for
some Ty can be extended over [Ty, Ty + T") for some 7" > 0, provided

To
(1.4) | 19u0 ot < o

Here BMO is the space of functions of bounded mean oscillation defined by

f € Lhl®), Nflsvo=sw [ 1f) = opmldy < oo,
«.R |BR| JBpu(2)
where fp, is the average of f over Br(z) = {y € R";|z — y| < R}.
The above results can be compared with the existing blow-up solutions for (1.2). Coron-
Ghidaglia [14] and Chen-Ding [10] showed that there exists a finite time blowing up solution
to (1.2) for n > 3. For n = 2, Chang-Ding-Ye [11] constructed a blowing up solution from a

smooth data (see for the regularity of the harmonic maps, Schoen-Uhlenbeck [34], Hélein [22],
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Evans [17] and for the evolution case, Feldman [18]). The solution satisfies

T
/0 IVu(t)|Cdt = 00 (6> 1),

where T' > 0 is the expected blow-up time. We simply remark that for two dimensional case, if

we make the stronger regularity assumption;

T

(1.5) /|mﬁ%&<m
0

then by the embedding

T
/0 IVu(t)|Bsodt < oo

and our criterion gives the regularity. If a weak solution satisfies the following integrablity

condition;

T
/HWM%&<®
0
then the condition (1.5) is fulfilled and the solution has to be smooth near ¢ = T'. This is nothing

but the criterion from the scaling invariant norm

T 2 n
Vu(t)||%dt < oo, =+ —
| ivaos 5+

The criterion (1.4) is a weaker assumption and outside of this circle of the regularity criterion.

=1.

Analogous situation can be observed in the theory of a weak solution to the incompressible
fluid mechanics. For the viscous incompressible fluid governed by the Navier-Stokes equation;
O — Au+u-Vu+ Vp =0, t>0,r € R,
(1.6) div u =0, t>0,z eR"
u(0, ) = uo(z),
it is well known that there exists a global weak solution u based on an analogous energy inequality
to (1.2) due to Leray [25];

t
lu(t)3 + 2 /0 IVu(r)|Bdr < Il

Although a full regularity of the weak solution to (1.6) still remains open, there are some
sufficient conditions for the regularity of the solution in terms of a semi-norm invariant under
the scaling that maintain the equations. For the Navier-Stokes case, the equation is invariant
under the scaling; uy (¢, z) = Au(A%t, Ax), pa(t,x) = A2p(A%t, Ax) (A > 0). Hence a criterion by
the space-time norms such as

T 9 2 n
/ H|V\au(t)||pdt<oo, §+— =l4+a 2<60<o,
0 b

gives the regularity of a weak solution. This is known as the Serrin condition (Prodi [30],
Ohyama [26], Serrin [35], Giga [20] ). By observing the analogous scaling u — uy = u(\%t, \x)
that preserves the equation (1.2), it is expected that there is a regularity criterion for (1.2) under

the condition;
2
Vue (0T D(RY), 5+ "1, n<p<oo
P
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Those conditions are corresponding to the Serrin criterion and enough to show the regularity of
the strong solution to (1.2).
In view of the limiting condition to (1.6) the Leray-Hopf weak solution to (1.6) is regular

under the corresponding regularity assumption for vorticity:

o0
/ lrot w(7)|| Barodr < oc.
0

Hence it is expected that under the analogous regularity condition such as (1.4), certain weak
solutions to (1.2) are shown to be regular. This is shown in [27] as an extension result for the
smooth (strong) solution for (1.2). However to show (1.4) being the criterion for a weak solution
to (1.2) is not so straightforward, indeed. For the case of the Navier-Stokes equation, the proof
is heavily depending on the fact that any weak solution corresponds the smooth solution for
certain time interval. This partial uniqueness result fails in general for a weak solution to (1.2)
even in the two dimensional domain, by the nonuniqueness result due to Bertsch, Dal Passo
and van der Hout [4] (for the another interesting nonuniqueness, see Topping [40], also reder to
Freire [19] and Bertisch-Dal Passo-Pisante [5]).

However, we may show certain kind of weak solutions to (1.2) are regular under the same
assumption (1.4) when we restrict the base manifold as in 2 dimensions. To state this precisely,
we introduce the definition of the weak solution:

Definition. A map u: M — S™ is a weak solution of (1.2) over [0,7) if

(1) Vu € L>®(0,T; L*(M)) and dyu € L?(0,T; L*(M)).

(2) ||Vu(t)||%2(M) < ||Vu0||%2(M) = Ey holds for all ¢t > 0.

(3) wu satisfies the harmonic heat flow in the sense of distribution:
For all ¢ € CL([0, T); C5°(M)"),

T T T
_/ u(7) - Opp(T)dxdT + / (Vu(r),Vo(r))gdr = / uw(Vu, V) ¢(7)dxdr + ug - ¢,
0 0 0

where (-, ), is the L? inner product on M.

The existence of a weak solution satisfying the above first two conditions are proved in most
general case by Chen-Struwe [13]. The strong solution that has finite point singularity has been
discussed by Struwe [37] (also see Schoen-Uhlenbeck [34]).

To state our regularity criterion, we introduce the bounded mean oscillation on the Riemannian
manifold M. According to Brezis-Nirenberg [7], we define the following class associated with
M.

Definition. Let u be a map from M to sphere S™. For r < 1, a map w is in a (locally) bounded
mean oscillation over M; BMO, = BMO,(M;S™) if

1
lullpymo, vy = sup [u(y) — upg |V 9(y)dy < oo,
veM R<r |BR(Z)] JBy(2)

where Br(x) is a geodesic ball on M with radius R > 0 and
_ 1
Upp = u(y)V9(y)dy

|Br| JBg(x)
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with | Br| is the geodestic volume of the ball. The conventional class BM O denotes the functions
over R” that is defined by taking the suprimum in the above definition over all x € M. In what
follows, we concentrate the case when the base manifold M is either 2 dimensional sphere S?
or the flat torus T2. The result is also true for the Euclidian space R? or a 2-dimensional
compact Riemannian manifold. However to avoid the complicated presentation, we describe all
the expression in the following section only for the case M = T2. We suppose an extra regularity
condition to be satisfied for the weak solution, which is associated with the scaling invariant
norm involving BMO.

Theorem 1.1 (Limiting regularity criterion). Let M be either S?>, T? or R? and u be a weak
solution to (1.2) defined in the above. If, for some T > 0, the solution u satisfies

T
(1.7) /O IV () oaso, o dr < o0,

then the solution is regqular up to t =T. Namely,
u € C((0,T); Wh(M;S™)NC((0, T); W2 (M;S™)). In the other words, if the solution blows

up at some time t < T, then

T
| 19 o, aayir = oo

In particular, if for any t > 0 and some T >0

t+T )
(19) | 196 a0, yr < o
then the weak solution is globally regular.

The basic idea to show the regularity is twofold. One is to employ a critical type of the Sobolev
inequalities. Brezis-Gallouet [6] and Brezis-Wainger [8] firstly showed the following inequality:
For s > n/p,

(1.9) 1£lle < C (14 IIV"2 £, Qos(e + | llwss))'~7)

for f € W*P(R™). Analogous but vector version of this inequality was found by Beale-Kato-
Majda [2]: For f € W*P(R™;R"™) with div f =0,

(1.10) IV oo < C L+ [V [ll2 + [[rot flloolog(e + [ fllws))

and used for the regularity theory of the fluid mechanics. Kozono-Taniuchi [24] generalized the
above inequality involving BMO; for s > n/p + 1, f € W*P with div f =0,

(L.11) IV flloo < C (1 + |[rot flizarologle + [ flwsr))

and Kozono-Ogawa-Taniuchi [23] in Besov spaces. We first introduce a generalized version
of the critical Sobolev inequality in the Lizorkin-Triebel space (cf. Ogawa [27]) that includes
all the above inequalities. It then, turns out that the second exponent of those spaces gives
an explicit dependence of the power of the logarithmic term to the higher regularity, which
reflects hypotheses on the integral exponent in the time direction of those criteria. In the

following section, we show a refined version of the Beale-Kato-Majda and Kozono-Taniuchi type
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inequalities and give some discussion. Then in the successive section, we recall the regularity
criterion for the strong (smooth) solution to (1.2).

To extend the above observation into a general weak solution, we need to employ the second
ingredient which is a version of the monotonicity formula and so called e—regularity argument
by means of the mean oscillation of the gradient of the solution. Namely there exist some small
constants €y > 0 and Ry > 0 such that if for some R < Ry,

1 t2 S

— / |Vu(t, z) — Vug|*dzdt < &g

R? Jio—r2 JBp(ao)
with Vup is roughly speaking the average of Vu over (tg — R?,ty) x Br(x), then the solution is
regular around the space time point (¢g, xo). This is an improved version of the existing regularity
criterion (see [38]) and itself seems to be interesting, since such regularity condition as above
may lead to the improvement of the blow up rate of the solution at a singular point (refer to [41,
Theorem 1.6, Remark 1.8, pp.283-284]). The main part is to obtain the monotonicity formula
for the mean oscillation of the smooth solution. The e—regularity criterion is stated together
in the section 4. This e— regularity criterion is used to derive that the possible singular time
is in fact a finite number and then we may apply the continuing result for the smooth solution

before the possible blowing up time. This is presented in the last section.

Before closing this section, we introduce some notations. Bgr(zo) is a disk in R? centered at
ro € R? with radius R and Br = Bg(0). Ig(to) is a time interval Ig(to) = (to — R? to). We
freely use the parabolic neighborhood of (g, z¢), denoted by Pr(to, o) = Ir(to) X Br(zo). Ff
and f denotes the Fourier transform of f. (z) = (1+]|z|?)!/2. We define a saturated logarithmic
function log* ¢ = log(e +t). The usual Sobolev space W*P(R") is abbreviated as WP with the

norm

1fllwse = IF 7 F Ol

while WP (M;R™1) is the Sobolev space over M whose norm is

1fllwee = 1V FOllzean)

for 1 < p < oo and « as multi-indices with |a| =k, k € NU {0}.
We recall the Paley-Littlewood dyadic decomposition (cf. Stein [36], Bergh-Lofstrom [3]). Let
¢j(z) be the inverse Fourier transform of the j-th component of the dyadic decomposition i.e.,
Z &(Z_jf) = 1 except £ = 0, where the support of <Z>(§) is located on 27! < [¢] < 2. We
j=—o00

denote o (x) = F[ih(€)](x), where

1, €] < 1,
Y = < smooth, [£] < 2,
0. €l >2.

Set 1; = FAh(278)](x). For a smooth function f, we set O;f =¢;+ fand Uf =1 * f. The
homogeneous Besov space B;, p(R") is defined through the full-dyadic decomposition by

By (R = {f € Z/®"): |[f]l5, < oo},
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where [|f[l 5. = ( Z 2050 || p; % sz)l/p and Z'(R™) denotes the dual space of Z(R") = {f €
PP )
j=—00
S; Df(0) = 0; o € N multi-index} and can be identified by the coefficient space of S'/P with
the polynomials space P. The homogeneous Lizorkin-Triebel space F]i p(]R") is similarly defined

by
F;,p(Rn) ={feZ'R"): ||f||F§p < 00},

(e.)
. — JSP| . p\1/p < < < < i
where HfHF;m H(Z 29| x fIP) Pl and 1 < p < 00,1 < p < oo (1 <p<ooif
j=—o0
p = 00). We refer to Triebel [42] for more detailed properties of those spaces. We also abbreviate

BMO(R"™) and BMO,(S"™) as BMO and BMO,, respectively.

2. SHARP VERSION OF LOGARITHMIC INEQUALITY

In this section, we give a sharp version of the logarithmic Sobolev inequality on sphere. The
original type of Sobolev inequality was found by Brezis-Gallouet [6] and Brezis-Wainger [8] (see
also Engler [16]). And the similar type of inequality was established Beale-Kato-Majda [2],
Kozono-Taniuchi [24] and Kozono-Ogawa-Taniuchi [23]. We first give the sharp version of the

inequality shown in [27].

Lemma 2.1 (Sharp version of logarithmic inequality [27]). (1) For any p,p,o0 € [1,00], q¢ €
[1,00), v < 01,09, v < p and v > 0, there exists a constant C' which is only depending on n, p
such that for [ € Fﬁéfl)Jr'y(R”) N Fﬁé@’”(R”), we have for v <~/

||f+||F;tézi+w/ + ||f*||F;é2;*”// )1/V—1/p>
)

1
2.1 fligo < Clfllg <1+ ~ log™
@) Il <Clol, (14 (5 P

where f+zz¢j*f cmdf_:ZgZ)j*f.

>0 <0

REMARK 1. In the theorem, the assumption v > 0 is essential. The analogous version of the

inequality (2.1) in the Besov space was proved in Ogawa-Taniuchi [29].

The relation between the Lizorkin-Triebel spaces and BMO(R™) is well understood. The
following result is due to Peetre and Triebel (see also Bui Hui Qui [9]).

Proposition 2.2 (Triebel [42]). FEOQ(R”) ~ BMO(R™). Namely there exists a constants C
such that

CMf g, < flsro < Cllflgo .

JFrom (2.1) and the equivalence between FQO’Q (R™) ~ BMO(R") and Fgopo (R™) ~ Bgovoo(R”)
it is explicitly shown that the difference between L*°(R™), BMO(R™) and the Besov space

Bgojoo(R”) as follows. This is a version of the sharp form of the Kozono-Taniuchi inequality
(1.11).



Proposition 2.3. For x>0 and f(0) =0,

1 1/2
(22) 110 <O (14 1 maso (3 10w (12 g, + 1) )

Especially, if Vf € WH4(R™) N L2(R™) for n < q, we have
1/2
23) 191k < Cla) (1+ 19 AL msso (o8 (19l + 171)) ™).

REMARK 2. The condition Vf € L? for the second inequality is redundant but we assume it
for the simplicity. The last inequality (2.2) improves the related logarithmic inequality due to
Beale-Kato-Majda and Kozono-Taniuchi. Reminding the Brezis-Gallouet inequality,

[fllo <C (1 + 1 ll2 + [V fll2(log™ HAfllz)l/Q) . feHYRY,

it should be noted that the inequality (2.3) has the same order to the higher regular term despite
of the dimension independence, although it is substituted by the Dirichlet norm instead of BMO

semi-norm.

Proof of Proposition 2.3. Noting the inequality

1/2 1 ] 1/2 ‘ -1
m(log(e+y))/ S{C< + z (log(e +y)) >7 or0<x <1,

x Cx (log(e + y))"/?, for 1 < z,

and observing that
e}
1Flloo = I 3 5% flle < Il
Jj=—00
when f(0) = 0, the first inequality (2.2) is an immediate consequence of (2.1) with v = 1 and
p = 2 and Proposition 2.2.

For the second modification (2.3), we show

Jim ||V — > ¢ Vf =0.

P>k -

1 ¢l <1/2

0l mndset () = (/)

Introducing a smooth function (z) such that 1) (£) = {
the L'-L> estimate yields
|-k * V flloo <Culld-4éf Il
<cu [ Iefede
B, i

1/2
<Cl|Byi |12 (/B |§2!f(£)|2d£>

<Cp 27"V fll2 — 0

as k — oo. Hence for a sufficiently large k such that ||)_g * V f]lco < 1, it suffices to estimate

> j>—k @j * f. We apply the inequality (2.2) with small x specified below. For small x > 0 and
8



a>0with k <a<1-n/q,

1/2

IV el = (| D 257105+ V£
, 2
1/2
(2.4)

o
<[ 3 2
j=1

<CIVSllgs, . < CIVSl gy
<CIV S

sup2°‘j\¢j * Vf]
J

oo

where || - [|j1,, stands for the homogeneous Sobolev semi-norm. This is possible under the
condition n < ¢. On the other hand, using the L*° boundedness of the Hardy-Littlewood
maximal function (cf. Stein [36], p. 62-63), we have for small 0 < xk < 1,

e 1/2
: 2j(1-~) x fI2
IVF -l < | 22 2707 7IV0)s + 7]
&
(2.5) . 1/2
<) 2w sup|(V); * f|
j=-1 / o0

<CIIM[fllsc < Cll flloo;

where (V¢);(z) = 2"V¢(2/z) and M[f] = supp, ﬁfBR(x) |f(y)|dy denotes the maximal
function of f. From (2.4) and (2.5), we obtain the last inequality (2.3). O

Theorem 2.4. Let M be either T or S™. If f : M — S™ such that Vf € WH4(M;R™H1) for

n < q, we have

(2.6) IV flleo < Clq) (1 + (HVfHBMOT(M) + 1) (log (e + ”Vf”vvl,q)>1/2>.

Remark. As is commented before, the inequality is the sharper version of the Brezis-Gallouet

inequality (1.9) in Q C R? because of the embedding inequality

IV fllao, @) < CULDIAf L2 (0)-

Proof of Theorem 2.4. The proof is mostly the same in view of Proposition 2.3. We give the
proof only in the case when M = T". Let {Ky}ren be a finite covering over T" with each radius

ro and {pr} be the partition of the unity such as

o = 1, Ky,
g 01 (le)an

9



Then for f: T" — S™ with Vf € WH4(T";S™), we apply Proposition 2.3 to ¢ f as a function

over R";

IV Fll oo ey IV (xS0

1/2
<C@)(1+ 1V llanro(tou e + 19 (eu ) )
1/2
<Cla.o0) (14 (197 msio, + 171x) (108 e+ 1 lhwiace + 197 wn)) )

/
<Cla.on) (1+ (19 Flvo, + 1) (g (e + [97wn) ™).

Gathering the covering over T", we concluded the inequality. |

3. THE REGULARITY CRITERION FOR THE SMOOTH SOLUTIONS

In this section, we give the proof of the regularity criterion to the weak solution of the harmonic

heat flow. For simplicity, we consider only the flow from R? onto sphere.

Ou — Au = u(Vu, Vu), t>0,z € R?,
(3.1) u(t,z) : Ry x R? — S™,
u(0,z) = uo(x),

where u(Vu, Vu) = u; Z Vi, u; Vg u; denotes the second fundamental form on the sphere
1<l,j<n
and in the following we express this form as u|Vu|? unless it may cause any confusion. Before

proving the main result Theorem 1.1, we state the smoothly prolonged result beyond the limiting

time for the smooth solution, which was basically shown in [27].

Proposition 3.1 (Limiting regularity criterion [27]). Let u be a smooth solution to (3.1) in
C([0,T); WEL2(RZ,S™)) N CL((0,T); W (R2;S™)) with initial data ug € WH(R?;S™). Sup-

pose that the solution u satisfies

T
(3.2) | IV u as0, i < .

Then the solution can be extended after t = T namely, for some T > T,
u e C([0,T); Whe(R2;S™))NCH (0, T); W22 (R2;S™)). In other word, if the solution blows up
att =T, then

T
/0 IVa()Zas0, @y dr = 0.

The proof is in fact a simple application of the argument in the previous section.
Proof of Proposition 3.1. Let u be a smooth solution to (3.1) on [0,7"). By operating the

Laplacian to the equation and then taking a L? inner product (-, -) over R? of the equation with
10



|Aul?72 Au, we have
1
—%HAu(t)||g+/ ViAu(t) - Vi(|Au|9"2 Au(t))dz
Tn
=(|Vu(®)]?, | Au(t)|?)
(33) +2A(T5u(t) (Vu(t) - VeViu(t)). | Au(n)] - Au(1))
= 2(u(t)(Viu(t) - ViViu(t)), |Au() |2V Au(t))
= 2(u(t)(Viu(t) - ViViu(t)), Au(t) Vi(|Au(t)|"2))
EIl +[2 +I3 +I4.
The first and second terms I, I in (3.3) is dominated by the the elliptic estimate in L7 (cf.

(21]),
(3.4) I+ Iy < || Vul %, | Aulld.

For the third term I3, we again use the elliptic estimate to have

I3 gHuHoo/ |Vul||VEViu| - |Au]q_2|VkAu|d:c
R2

3.5
(3:5) gc/ |Vu|2Au|q_2|Vleu2d$+€/ |Aul"2|V Auf2de
R2 R2

1
<CIVulauly+ 5 [ 1802V A

The last term I can be dealt with a similar manner.
q—2 g—4 2
I, = =5 wiViu Vi Viu; Aug | Au| T Vi (|Aul*)dx

R2
(3.6)

2 1 —2 2

<ClIVullsollAullg + 5 | |Au|""ViAu|"dz.
R2

On the other hand, the second term in the left hand side of (3.3) is

/vau-vk(muyq—?Au)dx
(3.7) / | Au|92| Vi Aul2ds + =2 / ‘ | Au|?) @ /47 | Auf? ‘ dz

/ AU|I2|V Auf?da + 29— 2) / V(A da

Hence by gathering estimates (3.4)-(3.6) and (3.7) and plug into (3.3), it follows

4(q —2)
¢?

1iIIAU(t)HZJr V] Aul??|13
dt

(3.8)
<OVl [|Aullg.

Integration (3.8) over [0,7] and the Young inequality implies

T
(3.9) [Au(®)]lg <[lAu(0)[|F + C(e) /0 IVl %[ Au(r) | gdr.

11



Noting the energy inequality (1.3), the logarithmic inequality (2.3) in Corollary 2.4 yields
that for v > n/q and ¢ > n

1/2
(3.10) IVl oo gC’(l + (14 IVullsaro ) (10g (¢ + [ Vullwo)) )

Hence it follows from (3.9) and (3.10)

T 1\ 2
B11) au(®l <|Aulg+C [ 1V o (1-+1og(e + [Tu(r)lwra)?) | Au(r)gar

Combining with the energy inequality
t
Va1 +2 [ o) i < Vol

and ||ul|oc = 1, we conclude by the Gronwall argument that

T
IV, < ClIVugll% ., exp {Oexp (c /O 1+ ||Vu<¢>||%Mo>dT) } .

This estimate assures that the solution has the regularity in C'((0, 7]; W?9) under the assumption
(3.2). Since we have chosen that ¢ > n, the Sobolev embedding implies that Vu(t) is a continuous
function in (z,t). A general argument for the harmonic heat flow gives the higher regularity.

This completes the proof of Proposition 3.1.
(|

Remark. There is an another method to make continuation of the smooth solution after the
maximal existence time. According to Struwe [37], there exist § > 0 and € > 0 such that if for
any R with 6R? < T there holds

inf sup/ |Vu(t)dz < e,
T—6R2<t<T ¢ B, (z)

then the solution w in [0,7) can be prolonged smoothly after ¢ = T'. If we use this criterion, we

can derive the same conclusion as in Proposition 3.1 under the same assumption (3.2). Indeed,

our monotonicity for the mean oscialltion provides the above smallness condition under the

regularity assumption (3.2).

4. MONOTONICITY BY MEAN OSCILLATION

In this section, we prove that the monotonicity formula and e—regularity theorem by mean
oscillation hold for a smooth solution to (1.2).

Theorem 4.1. Let u be a smooth solution of (1.2). For any fixzed § >0, T > 0 and r > 0 we
set a time interval Iy, (T) = (T — 6r2,T). Then for any xo € R?, there exists an absolute
constant C > 0 such that for any r € (0, R), we have

1 _
/] o (m/ - |Vu(r) — VuBT(zO)(T)Fdx) dr
§1/2 r\ZL0

1 _
S/ (W_RQ/ VU(T)—VUBR(T)|2dl’> dT+C5E(u()),
Is1/2 o (T) Br(=zo)

8
where Br(xo) = {|x — xo| < R}.
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Proof of Theorem 4.1. Let u(t,x) be a smooth solution of (1.2) and 7' > 0 be an arbitrary
fixed time. For any fixed 9 € R?, we choose a test fuction n(x) € C{°(R?%R) such that
0<n<1,n=1in Bg/(zo), supp n € Br(wo) and |Vn| <4/R in R?. Letting

1
(4.1) Vu( )= / 7 Vu(t) da
[Inl3 Jz2
and multiplying the equation (1.2) by n?dyu, we see from J;|u|? = 0 that

2.2 1 o, 2
(42) |Opu|“n —div ((Vu Vu) - Opun )
+(Vu — Vu) - 9 Vun? +20u - (Vu —Vu) - Vnn =0

Integrating (4.2) over (s,t) x R2, we have, by the divergence theorem,
(4.3) /t /11%{2 <\8tu|2172 +172(Vu — Vu) - ,Vu + 20 - (Vu — Vu) - V) 77) dzdr = 0.
The second term of the left hand side of (4.3) can be treated as

/t /RQ 20,V - (Vu — Vu)dzdr

1 t
__/(;it |Vusu|2n2dxdT // n? 0,V - (Vu — Vu)dzdr

=5 /R2 |Vu(t) — Vu(t)| 20 dx — 3 /R2 |Vu(s) — Vu(3)| 2 da

t — —_
+ / / n? 0Vu - (Vu — Vu)dxdr.
s JR2

Since
t —_— —
/ / 0?0 Vu - (Vu — Vu)dxdr
s JR2
t — —
:/ 8tVu(T)-/ (Vu — Vu) n?dzdr
s R2
t —~ —
:/ OVu(r) - </ n*Vou(r)dx — VU(T)/ n2dx> dr
s R2 R2
=0,
we obtain from (4.3) that
N 1 N
/ / |Opu|*n*dedr + = / \Vu(t) — Vu(t)|*n*de — —/ |Vu(s) — Vu(s)|*n’dax
(4.4) 2 Jr

= — 2/ Owu - (Vu — %) - Vnndxdr.
s JR2
The right hand side of (4.4) is estimated by
t —_—
2/ / IV — Vu(r) |0l |gV|dadr
s JR2

1 [t t N
35 / |Ou|*n?dedT + 2/ / |Vu — Vul*n?| V| 2dzdr
s s JR2

13



and it follows from (4.4) that

Vu(t) — V() 2n2dz — / Vu(s) — Vu(s)PrPda
RQ RQ

t
+// |Oyu|*n?dxdT
s JR2?

t —
(4.5) §4// \Vu — Vul*[nVn|2dedr

_RQ// (IVul? ~ |Vul?)p*dzdr

t—s
SRQ/ / |Vul|?nde < 64E(u0)( i ).

Let § > 0 be arbitrary fixed and r € (0, R/2). Then for s € I 25(T)\ g2, (T) and t € 5,2, (T),
we see by taking the integral avearge of (4.5) by s over Isi2p(T) \ Is1/2,(T),
Vu(t) = Vu(t)*n’dz
R2

(4.6) < ! Vu(s) — Vau(s)Pdeds
B |I§1/2R(T) \ Lsi/2,.(T)| Jr Is1y2 p (T)\I 5172 (T)

+ 64E(U,0)5,

where we use that |t — s| < §R2. Again by integrating (4.6) by t € I5i/2, (T), we see

/I o /R2 |Vu(r) — %(T)P?]dedT
51/27

| L51/2,(T)]| /
" U512 (T) \ L5172, (T s1/2p(T\Is1/2 (T) JR2

Vu(r) — Vu(r)*dzdr

(47) + 64E (ug)d*r?
2 —~
Sm/ / \Vu(r) — Vu(r)*dedr
Is1/2 p(T\I 512 (T) JR?
+ 64E (ug)d%r?.
Adding

2

r .
5 |Vu(r) — Vu(r)*ndxdr
R? —r? /151/2T(T) R?

to the both side of (4.7), we have

——s / / \Vu(r) — Vu(r)[*ndedr
—7' T) R2

(4.8) Tsra,
. ) N
< 2T 2 / |Vu(r) — Vu(r)*n’dedr + 64E (ug)d>r2.
R =712 Jp,, (1) JR2
Therefore we obtain from (4.8) that
/ — / |Vu(r u(T)\andxdT
I 7rr

(4.9) 51/2r

' 1 = 64F

<), s [ 19u(r) — V() Popdadr + HE 52
1/25(T) TR Jge T

14



Finally, we remove the cut off function 1. Make the routine calculation to have, for all 7 € I5i/2p,
IVu(r) — Vu(r)*n’da
RZ
= [, IVu(r) = Vg () = (Vu(r) = V(o (7)) [P

(4.10) - .
= [ 1907) = Ty ()PP~ ([ e [Fu(r) = Tt (1)

R2
S/ ‘VU(T) —WBR(xO)(T)‘ZdZC.
Br(wo)
While it holds for any r € (0, R/2) and 7 € 512, that
[Vu(r) = Vu(r) ida
RQ
(4.11) > [ Vu(r) - Vu(r)Pds
Bpry2(z0)
> [ |Vulr) = Vg ay (7)
B’V‘(IO)
Substituting (4.10) and (4.11) into (4.9), we obtain our conclusion. O

Under the smallness hypothesis of the mean oscillation, we can prove the local regularity. We

need the following general inequality which is a variant of well-known Nash’s inequality:
Lemma 4.2. Let ¢(t,x) be a positive cut off function supported in (—1,1) x By with ¢(t,x) =1

over (=1/2,1/2) x Byj and 0 < ¢ < 1. Then for Vf € L>(0,T; L?(R?)) N L?(0,T; HY(R?)),
there exists a constant C > 0 such that

2
(/ / ]Vf4dxdt>
I/ /Byy2
2
2 212 4 4 212
< (ig?/& V£ dm> {/11 /B1 VIV ¢ dmdt+/h /B1 IV £V d:cdt},

where I 5 = (—1/2,1/2) and By = {z € R?, |z] < 1/2}.

(4.12)

Proof of Lemma 4.2. By well known Nash’s inequality:
1
lgll3 < o l9lllValz, g€ H'(R*) N L'(R?),
we have for ¢?|V f|?,

4,4 1 2,2 212 44 4 2|2 2
@i [ vsitatae < o ([ vspeta) ([ (9I9aPRt 19 wer) as)

15



Thus we have

/ / |V f|*dadt

Iy/2 /Byya
1

(4.14) <= <Sup / IVf(t)\de>
T \tel JB

1/2 1/2
212 ;4 4 212
X{(/I/BI IVIV£ ¢d$dt> +</I/31|Vf| |V 2| dxdt) }

The desired estimate follows directly from (4.14). O
Following the analogous argument as in Schoen [33], we have the following e—regularity

criterion for the harmonic heat flow (1.2).

Theorem 4.3. Let u be a smooth solution of the harmonic heat flow (1.2). Then there exist
absolute constants eg > 0 and Ry > 0 such that if
1 I
(4.15) / > IVut) — Vg, (8) 2dedt < <o
Ir(to) 7 J Bp(ao)
holds for all R € (0, Ry), then

C
HVUHLO"(IRO/z(tO)XBR0/2(950)) < (R0)2 ’

where Igr(to) = (to — R?,to) and Br(xo) = {x € R?; |z — xo| < R}.

Invoking the monotonicity formula, Theorem 4.1, we find that the assumption (4.15) in The-
orem 4.3 can be relaxed into the one for some R > 0, and thus, we have the following criterion

for the singularity:

Corollary 4.4. Let u be a smooth solution of the harmonic heat flow (1.2) in (0,ty) x R?. Then
there exists an absolute constant g > 0 such that we have for all R > 0
1 _
(4.16) / > Vu(t) — Vg, (6)Pdedt > <
Ir(to) 1% JBR(a0)

whenever (to, xo) is a singularity of the solution.

Proof of Theorem 4.3. For a point (g, zp) we define a parabolic neighborhood around (to, o)
by Pr = Pr(to,x0) = Ir(to) x Br(zo) for R > 0.

Let u(t.z) be a smooth solution to (1.2) and Ry be the scaling parameter which assures the
estimate (4.15). Then we choose a number oy such that it attains the maximum of
(4.17) F(r)=(Ry—7)* sup |Vu(t,z)

(t,x)EP;,

over 1 € (0, Rol. If o9 = Ro then the result is obvious since F'(Ry) = 0. Hence o € (0, Rp).

Changing the parabolic neighborhood P,, smaller if necessary, we choose (fo,%¢) € Py, S0
that it attains the maximum of |Vu(t, r)| over Py, namely

|Vu(to, Zo)| = max |Vu(t, z)|.

0
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Letting

s Ry — o
(4.18) M = |Vu(tg, Zo)|, pp = —2 5 0
we find from (4.17) and the choice of oy that
(4.19) sup |Vu(t,z)|* < sup|Vu(t,z)* < 22M>.

Poo+eo Poy
We particularly choose R = M~! as the scaling parameter of the scaled solution ug(t,z) =

u(to + R?t, %o + Rx). Then again ug solves (1.2) and by the choice of M, we have
(420) |VUR(O, 0)’2 =1, sup ‘vuR(tv $)|2 < 22

70
when R = M1,
By differentiating the kth component of the scaled equation (1.2) by x; and multiplying it by

Vi(ugr)r and making summation, we see
1 1
(4.21) §8t|VuR‘2 — §A|VUR‘2 + ‘VVUR‘Q = ‘VUR’4 + (UR)kvi(uR)kVuR . VZ‘(VUR).

The last term of (4.21) disappears since |ug|? = 1.

We now claim that pgM < 1. Assume on the contrary that pgM > 1. In this case, we can
choose the fixed parabolic region P;(0) = 1;(0) x B;(0) such that P;(0) C P,,ar(0). On this
region, we proceed by the well known Moser’s Harnack estimate for the scaled solution ug.

Let ¢(t,z) be a smooth function defined by ¢(t,z) = 11 (t)12(x), where 91 (t) is supported
in (—1,1) and ¢1(t) = 1 on (—1/2,1/2) with 0 < 91(t) < 1 and 2(x) is supported in B;(0),
P2(z) =1 on By /(0) with 0 < 1ba(x) < 1. Note that

Multiply (4.21) by ¢*|Vug|? to have
1 1
30 [ (Vurlotds— 5 [ [Vurl‘00tis
2 B 2 /B,

(4.22) +/ \vquR|2\2¢4dx+2/ |VuR\2]VVuR|2¢4dx+/ |Vug|?V|Vug|? - Voide
B B, B

=2 / |Vug|®¢tdz.
By

Let I, = (—r,r). Applying Lemma 4.2 and integrating (4.22) over Iy = (—1,1) in ¢ yield the
following estimate:

9 -2
(/ / \VUR]4da:dt> <sup/ \VuR|2d$> —|—/ / {V\VUR]2‘2¢4dxdt
11/2 31/2 telh J By I /B

gz// |kuR|2}2¢4dxdt+// \Vur|* V2| 2dadt
(4.23) - 1 s,

— 6 .4 4 A A .
_4/11/81\VUR| <Z>dxdt+/h/31 |Vug| (A(¢> )+ 0" + | V2| )dxdt
=A+B.

Here we have put the last two terms as A and B.
17



We use the scaled equation (1.2) and |ug| =1 to have for [ = 2,3 that

\Vug|? = — Vi(ug - (Viur — Viug,)|Vur"™) + Viug - (Viugr — Viug,)|[Vug2 Y

(4.24) T
+ugR - (ViuR — VZ"U,BR)’V’U,R‘ZU_Q)VZ"VUR‘Q.

It follows from (4.24) with [ = 3, integration by parts, Holder’s and Cauchy’s inequalities that
the first term of the right hand side of (4.23) is estimated by

(4.25)
Ag/ / |uR||vuR—WBR\|vuR|4|v¢4|dxdt+/ / |Vug — Vug,| |Vug|°¢*dzdt
I J B I, JBy

+4// lur| |[Vur — Vug, | |Vug|® |V|Vug|?| ¢*dzdt
11 J B

o, 1/2

g(// |Vugr — Vug,| dxdt)

I J By

1/2 1/2
xC(¢){<// |vuR\8da;dt> +<// \VuRylodxdt> }
Il Bl 11 B1

1
+—// IV |Vug|?|? ¢*dadt

4 I J B

o 1/2 1/2
+<// |Vug — Vug,| dxdt) <// |VuR|8¢8da:dt> :
Il Bl Il Bl

An analogous application (4.24) with [ = 2 makes the second term in the right hand side of
(4.23) bounded by

B</ /B |uR|WuR— VUB HVUE|2‘V(Q(ﬁ4) 9t(7f4) |v12|2)|dxdt
Iy 1
/ / | UR ;UBRH ;uR|3|A(¢ )+at(d) ) |v¢2|2|dl‘dt
[1 Bl

8 / / url|Vur — Vupy| [VIVur?| ¢*|6A¢ + 606 + [Vo|*|dad
L JB;
5 1/2
(4.26) <C(¢) (/11 /B1 |Vur — Vug,| da:dt)

1/2 1/2
X / / \Vup|*dzdt |  + / / |Vup|Cdzdt
I1 JBi1\By s I JB1\By 2

1
+—// |V |Vug)?|* ¢*dxdt
4Jn B

+COlurle [ [ |Vun = Vi, [ drd.
I /B,

18



Combining (4.25) and (4.26) with (4.23), we obtain

2 -2
1
/ / |Vug|*dedt <Sup/ |VuR(t)|2¢>d:E> +—/ / \V|VUR\2\2¢4dmdt
s /By s el JB, 2)nJB
o, 1/2 . 1/2
§C{</ / ‘VUR—VUBR‘ da:dt) + (/ / ‘VUR—VUBR‘ dxdt) }
Il Bl Il Bl

% (IVurll e + 1IVaR ()

3 4 5
+HVUR||L6(11><B1) + |vuR”L8(Il><Bl) + ”VURHLlO(hXBl)) ‘

According to the Moser’s estimate of Harnack type without involving the mean oscillation:

1/4
(4.27) Vur(0,0)] < C ( / / Vun(t, x)\4d:1:dt> ,
I/ /Byy2
it follows from (4) and the energy inequality (1.3) that
[Vur(0,0)]® < CE|Vurlr2(r, <) (1 + IVurll oo (1, xBy) + HVURH%oo(leBl)

+HvuR||%OO(IXB1) + ”VURH%OO(IXBﬂ)

— 1/2 o, 1/2
X {</ / ’VUR—VUBR‘ da:dt) + (/ / ‘VuR—VuBR‘ d:cdt) }
L JB; I JB;

Here we note that the scaling parameter R is restricted in (0, Rp) in the assumption of theorem.
In particular, when R = M~! we have (4.20) so that |Vug(t,z)| < 2 over I x By,

(4.28) 1=|Vup-1(0,0)],  [Vuy-1llpeoxp) < 2,

moreover we have

o, 1/4 o 1/4
(4.29) </ / }VuR — VuBR| da:dt) <2 (/ / ‘VuR — VuBR‘ dxdt) ,
[1 B1 Il Bl

under R = M~1. Making scale back in (4) and noting the assumption
1 < Mpo,
we see from (4), (4.28), (4.29) and the assumption (4.15) that

1/2
1= (M |Vu(lo, #0)|)® < C E? (iz/ / |Vu — VuBR\Qda;dt>
R IR(to) BR(IQ)

1
<C¢e} F?

(4.30)

when M~! = R € (0, Ry). This yields a contradiction when &g is sufficiently small. Hence we
have the bound Mpg < 1. Since oy is the maximizer of F'(r) in (4.17),

2
(Ro _ @) sup |Vu(t,z)] < max ((RO —r)?sup |Vu(t,x)!> <1
2 o2 r€(0,Ro) P,

This shows the boundedness of the derivative of solution
22
sup [Vu(t, )| < -
1p 0
2 *0
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and hence regularity at (tg, zg).

5. CRITERION BY MEAN OSCILLATION

Proof of Theorem 1.1. We show the proof for the case M = R2. The other cases can be
similarly shown. Let u(t) be the global weak solution of (1.2) and S be the set of the points
(t,z) € [0,00) x R?, where the solution is not regular. First we claim that there are at most
finitely many singular points over [0,00) x T2. If the weak solution has a singular point for all
t € (0,Tp) for some Ty > 0, then the solution is not continuous in R? for all ¢t € (0,7p). Then
since ||Vu(t)||ppo = oo for every t € (0,Tp), we have

To )
/O V() odt = oo

which contradicts the assumption (3.2). Therefore the singular points are at most countable.
Next if there is an accumulated singular point (tg,zp) € S, then we may choose a sequence
{(tn,zn)}n € S and radius r, > 0 such that the parabolic neighborhoods of the singularity
points; P, (tn,zn) = (tn — r2,t,) X B, (x,) are disjoint each other. Since each vertex of
parabolic neighborhood P, is a singularity of the solution, by Corollary 4.4, we see for some
€o > 0 such that
L / Vu(t, ) — Va,, [2dzdt > <
Py, (tn,zn)

T2

for all n = 1,2, ---. Taking the sum of around the all singularities, we have

To )
/0 V() odt = oo

which again contradicts the assumption (3.2) for the weak solution. Hence the singular set S
consists of at most finite points in time direction. Analogous argument can be seen to be valid

in the space direction for the each singular time t; by using the energy bound:

s [Vu(t)[3 < oo,
since Vu € L>(0,T; L?>(R?)). Therefore the singular points (t3, ;) € S are at most finite.

Let K € N be the number of those irregular points. We show that under the assumption
(3.2), the solution wu is regular at those isolated points. Without loss of generality, we consider
only the singularities with the smallest time ¢, = Ty > 0.

Then there exists some small radius 79 > 0 such that any parabolic neighborhood Py, (zx) =
(To — 13, To + 13) X Byy(x1) centered at (Tp,zx) € S, can be chosen disjointly each other.

Since the weak solution is regular over [0,7)), from Proposition 3.1, there exists T > T and
a smooth solution v(¢,x) of (1.2) over [0,7). All we need to show is that this strong solution
indeed coincides the original weak solution (¢, ). We should note that the uniqueness of the

weak solution fails in general even on two dimensional manifolds.
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Since u(t, z) and v(t, x) are weak solutions over ([0, T) x R?), we can use a test function u — v

in the equation obtained from subtracting the ones for u and v to have
t
Jut) = o(®l+2 [ [Vu(t) = To(o)3ae
¢ t
(5.1) gz/ / lu — vVl 2dadt + / / (ol2(Vu] + [Vo])2[u — v[?)dadt
0 JRr2 0 JRr2

+/O |Vu(t) — Vo(t)||3dt.

Thus the last term can be cancelled with the term in the left hand side and we let the first and
second terms in the right hand side of (5.1) as I and I1. We set the irregular part U P, (xf) as
Y. For the first term of the right hand side of (5.1),

(5.2) I= // lu — v|*|Vu|*dzdt + // lu — v|*|Vul>dxdt.
[0,T)xR2\X )
The second part of the right hand side of (5.2)

K rTo+rd

// u — o[Vl dedt < / lu(t) = v(®)|[3]IVu(t) || 3dt
z To—r2
k=1"+0""0

K
<4|[Vuoll3 ) 2rf < 8E K1,
k=1

(5.3)

where we set Ey = || Vupl|/3. While the solutions are regular for the first part,

1:// lu — 2| Vul2dadt + 8B K72
[0,T)xR2\Z
(5.4)

t
< s |[Vu() / / lu(t) — v(t)Pdadt + SEo K.
((0,T)xR2)\ 5 0 Jre

Now we choose ¢ sufficiently small so that
Ty
8EyKr2 < / lu — v|*dxdt
0o JRr?
and we fix it. Then we have
1 Ty ) 1/2
< | == t) —v(t)|adt
s (sag [ I - )
which is independent of ¢. Therefore for all ¢ > T,
t
(5.5) 8E K73 < / lu — v|*dxdt
0 JR2

From (5.4) and (5.5), we have

¢ ¢

(5.6) I< sup ]Vu(t)|/ / lu(t) —v(t)]zdxdt—i-/ ||lu(t) —v(t)||§dt
((0,T)xR2)\E 0 Jr2 0

and

2 t —v(t)|?dz t u(t) — v(t)||?
(57) ug(( sup |w<t>|+||wnoo) |t = vtoyParae+ [ jute) ooy e
21
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Combining (5.6) and (5.7), we obtain

o) = o)1+ [ 1Vut) = Vol0) e < Co [ fute) = ote) e

where Cy = 2 sup |[Vu(t)]> + 3| Vv|% + 3. In particular,

lut) = v(®)]3 < Co/o lu(t) = v(®)|3dt.

The Gronwall argument yields u(t) = v(t) over [0,T") for arbitrary 7' > 0. Since v is regular this
prove theorem. O
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